Background {#Sec1}
==========

*Optimized spaced seeds*, or *best gapped q-grams*, have independently been proposed in PatternHunter \[[@CR3]\] and by Burkhardt and Karkkainen \[[@CR4]\]. The primary objective was either to improve the sensitivity of the heuristic but efficient *hit and extend* BLAST-like strategy (without using the *neighborhood word principle* [1](#Fn1){ref-type="fn"}), or to increase the selectivity for lossless filters on alignments of size $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell$$\end{document}$ under a given Hamming distance of *k*.

Several extensions of the spaced seed model have then been proposed on the two aforementioned problems: vector seeds \[[@CR5]\], one gapped *q*-grams \[[@CR6]\] or indel seeds \[[@CR7], [@CR8]\], neighbor seeds \[[@CR9], [@CR10]\], transition seeds  \[[@CR11]--[@CR15]\], multiple seeds \[[@CR16]--[@CR19]\], adaptive seeds \[[@CR20]\] and related work on the associated indexes  \[[@CR21]--[@CR26]\], just to mention a few.

Unfortunately, spaced seeds are known to produce hard problems, both on the seed sensitivity computation \[[@CR27]\] or the lossless computation \[[@CR28]\], and moreover on the seed design \[[@CR29]\]. But the choice of the right seed pattern has a significant impact on genomic sequence comparison \[[@CR3], [@CR12], [@CR16], [@CR20], [@CR30]--[@CR38]\], on oligonucleotide design \[[@CR39]--[@CR44]\], as well as on amino acid sequence comparison \[[@CR45]--[@CR53]\]; this has led to several effective methods to (possibly greedily) select spaced seeds \[[@CR54]--[@CR61]\] with elaborated alignment models and their associated algorithms \[[@CR62]--[@CR70]\].

Another less frequently mentioned problem is that the seed design is mostly performed on a *fixed and already fully parameterized* alignment model (for example, a *Bernoulli* model where the *probability of a match* *p* is set to 0.7). There is not so much choice for the optimal seed, when, for example, the scoring system is changed, and thus the expected distribution of alignments.

We note that several recent works mention the use of spaced seeds in *alignment-free* methods \[[@CR71]--[@CR73]\] with applications in phylogenetic distance estimation \[[@CR74]\], metagenomic classification \[[@CR75], [@CR76]\], just to cite a few.

Finally, we also noticed that several recent studies use the *overlap complexity* \[[@CR54], [@CR56], [@CR57], [@CR77]--[@CR79]\] which is closely linked to the *variance* of the number of spaced-word matches \[[@CR80]\] and is known to provide an upper/lower bound for the expectation of the length preceding the first seed hit \[[@CR27], [@CR66], [@CR81]\]. We mention here that a similar *parameter-free* approach could also be applied for the *variance induced* selection of seeds, but an interesting question remains in that case: to find a *dominance equivalent* criterion associated with the selection of candidate seeds.

The paper is organized as follows. We start with an introduction to the *spaced seed model* and its associated *sensitivity* or *lossless aspect*, and show how *semi-rings* on DFA can help determining such features. Section "[Semi-rings and number of alignments](#Sec3){ref-type="sec"}" restricts the description to *counting semi-rings* that are applied on a specific DFA to perform an efficient dynamic programming algorithm on a set of counters. This is a prerequisite for the two next sections that present respectively *continuous models* and *discrete models*. Section "[Continuous models](#Sec4){ref-type="sec"}" is divided into two parts : the first one outlines the *polynomial form of the sensitivity* proposed by \[[@CR1]\] to compute the sensitivity on the *Bernoulli model* together with the associated *dominance principle*, whereas the second one extends this *polynomial form* to the *Hit Integration model* of \[[@CR2]\], and explains why the dominance principle remains valid. Section "[Discrete models](#Sec7){ref-type="sec"}" describes two new *Dirac* and *Heaviside* models, and shows how *lossless seeds* can be integrated into them. Then, we report our experimental analysis on all the aforementioned models, display and explain several optimal seed Pareto plots for the restricted case of one single seed, and links to a wide range of compiled results for multiple seeds. The last section brings the discussion to the asymptotic problem, and to several finite extensions.

Spaced seeds and seed sensitivity {#Sec2}
=================================

We suppose here that strings are indexed starting from position number 1. For a given string *u*, we will use the following notation: *u*\[*i*\] gives the *i*-th symbol of *u*, \|*u*\| is the length of *u*, and $\documentclass[12pt]{minimal}
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                \begin{document}$$|u|_a$$\end{document}$ is the number of symbol letters *a* that *u* contains.

Nucleotide sequence alignments without *indels* can be represented as a succession of *match* or *mismatch* symbols, and thus represented as a string *x* over a binary alphabet $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\texttt {0},\texttt {1}\}$$\end{document}$.

A spaced seed can be represented as a string $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi$$\end{document}$ over a binary alphabet $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\text {0},\text {1}\}$$\end{document}$ but with a different meaning for each of the two symbols: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {1}$$\end{document}$ indicates a position on the seed $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi$$\end{document}$ where a single *match* must occur in the alignment *x* (it is thus called a *must match* symbol), whereas $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {0}$$\end{document}$ indicates a position where a single *match* or a single *mismatch* is allowed (it is thus called a *don't-care* symbol).

The *weight* of a seed $\documentclass[12pt]{minimal}
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                \begin{document}$$w_\pi$$\end{document}$) is defined as the number of *must match* symbols ($\documentclass[12pt]{minimal}
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                \begin{document}$$w_\pi = |\pi |_1$$\end{document}$): the weight is frequently set constant or with a minimal value, because it is related to the *selectivity* of the seed. The *span* or *length* of a seed $\documentclass[12pt]{minimal}
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                \begin{document}$$s_\pi$$\end{document}$) is its full length ($\documentclass[12pt]{minimal}
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                \begin{document}$$s_\pi = |\pi |$$\end{document}$). We will also frequently use $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell$$\end{document}$ for the length of the alignment ($\documentclass[12pt]{minimal}
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                \begin{document}$$\ell =|x|$$\end{document}$).
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                \begin{document}$$\pi$$\end{document}$ *hits* at position *i* of the alignment *x* where $\documentclass[12pt]{minimal}
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                \begin{document}$$i \in \big [1\ldots\,|x|-|\pi |+1\big ] = \big [1\ldots\,\ell -s_\pi +1\big ]$$\end{document}$ iff$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \forall j \in \big [1\ldots\,s_\pi \big ] \qquad \pi [j] = \text {1}\implies x[j+i-1] = \texttt {1} \end{aligned}$$\end{document}$$For example, the seed $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi = \text {1101}$$\end{document}$ hits the alignment $\documentclass[12pt]{minimal}
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                \begin{document}$$x = \texttt {111010101111}$$\end{document}$ twice, at positions 2 and 9.

Naturally, the shape of the seed, i.e.  possible placement of a set of *don't-care* symbols between any consecutive pair of the *w* *must match* symbols, plays a significant role and must be carefully controlled. Requiring *at least one hit* for a seed, on an alignment *x*, is the most common (but not unique) way to select a *good seed*.

However, depending on the context and the problem being solved, even measuring this simple feature can easily take one of the two (previously briefly mentioned) forms:When considering that any alignment *x* is of given length $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell$$\end{document}$, and each symbol is generated by a Bernoulli model (so there is no restriction on the number of match or mismatch symbols an alignment must contain, but with some configurations more probable than others), the problem is to select a *good seed* (respectively the *best seed*) as the one that has a *high probability* (respectively the *best probability*) to hit at least once.When considering that any alignment *x* is of given length $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell$$\end{document}$, and contains at most *k* mismatch symbols, a classical requirement for a *good seed* is to guarantee that *all the possible alignments*, obtained by any placements of *k* mismatch symbols on the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell$$\end{document}$ alignment symbols, will *all* be detected by at least one seed hit each: when this distinctive feature occurs, the seed is considered *lossless* or $\documentclass[12pt]{minimal}
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                \begin{document}$$(\ell ,k)$$\end{document}$ *-lossless*. Fig. 1Spaced seed DFA. We represent the *at least one hit* DFA for the spaced seed $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi = \text {1101}$$\end{document}$. This automaton recognizes any alignment sequence with at least one occurrence of $\documentclass[12pt]{minimal}
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                \begin{document}$$\texttt {1111}$$\end{document}$

The two problems can be solved by first considering the language recognized by the seed $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi$$\end{document}$, in this context the *at least one hit*  regular language, and its associated DFA. As an illustration, Fig.  [1](#Fig1){ref-type="fig"} displays the *at least one hit*  DFA for the spaced seed $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {1101}$$\end{document}$: this automaton recognizes the associated regular language $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\texttt {0},\texttt {1}\}^{*} ( \texttt {1101} | \texttt {1111}) \{\texttt {0},\texttt {1}\}^{*}$$\end{document}$, or less formally, any binary alignment sequence *x* that has *at least one* occurrence of $\documentclass[12pt]{minimal}
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                \begin{document}$$\texttt {1111}$$\end{document}$ as a factor.

The second step consists in computing, by using a simple dynamic programming (DP) procedure set for any states of the DFA and for each step $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \in \big [1\ldots\,\ell \big ]$$\end{document}$,Either, the probability to reach any of the automaton states.Otherwise, the minimal number of mismatch symbols 0 that have been crossed to reach any state.For example, considering the probability problem (a) on a Bernoulli model where a *match* has a probability *p* set to 0.7, we show it can be computed---by first *"replacing"*, on the automaton of Fig. [1](#Fig1){ref-type="fig"}, the transition symbols 0 and 1 by their respective probabilities 0.3 and 0.7---then, on each step *i*, it is possible to compute the probability $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathscr {P}(i,q)$$\end{document}$ to reach each of the states *q* by applying a recursive formula that uses the probability to be at any of its preceding states on step $\documentclass[12pt]{minimal}
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                \begin{document}$$i-1$$\end{document}$. For the automaton of Fig.  [1](#Fig1){ref-type="fig"}, this gives ![](13015_2017_92_Figb_HTML.gif){#d29e1436} on step $\documentclass[12pt]{minimal}
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                \begin{document}$$i=4$$\end{document}$, the probability to reach the final state $\documentclass[12pt]{minimal}
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                \begin{document}$$0.7^3$$\end{document}$ ), as a logical (and first non-null) probability for the seed $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi = \text {1101}$$\end{document}$ to detect alignments of length $\documentclass[12pt]{minimal}
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Another example, considering now the lossless property (b) for the spaced seed $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi = \text {1101}$$\end{document}$: we can show that this seed is lossless for one single mismatch, when $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell \ge 6$$\end{document}$ (but computational details are left to the reader, after a remark on *tropical semi-rings* in the next paragraph): the seed is thus $\documentclass[12pt]{minimal}
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Finally, we simply mention that this second computational step involves the implicit use of *semi-rings*,Either *probability semi-rings*: $\documentclass[12pt]{minimal}
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                \begin{document}$$(\ell ,k)$$\end{document}$ *-lossless* iff all the non-final states of the DFA have a minimal number of mismatches that is strictly greater than *k*, after $\documentclass[12pt]{minimal}
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Semi-rings and number of alignments {#Sec3}
===================================

Semi-rings are a flexible and powerful tool, employed for example to compute probabilities, scores, distances, counts (to name a few) in a generic dynamic programming framework \[[@CR82], [@CR83]\]. The first problem involved, mentioned at the end of the previous section, is the right choice of the semi-ring, adapted to the question being addressed. Sometimes, selecting an alternative semi-ring to *count elements*, may turn out to be a flexible choice that solves more involved problems (for example *computing probabilities* is one of them, and will be described in next section).Fig. 2DFA intersection product. We represent the resulting intersection product of the *at least one hit* DFA for the seed $\documentclass[12pt]{minimal}
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                \begin{document}$$m=\ell -1$$\end{document}$, while the*dotted* transitions at the bottom of the resulting automaton make it complete

Counting semi-rings \[[@CR84]\] are adapted for this task: when applied on the *right language* and its *right automaton*, they can report the number of alignments $\documentclass[12pt]{minimal}
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We finally mention that a similar method was used in \[[@CR87]\] to compute correlation coefficients between the seed *number of hits* or the seed *coverage*, and the *true* alignment Hamming distance.[3](#Fn3){ref-type="fn"}

In the following sections, we will use the (*m*-matches counting) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{\pi ,m}$$\end{document}$ coefficients to compute, either probabilities on continuous models, or frequencies on discrete models.

Continuous models {#Sec4}
=================

Bernoulli polynomial form and dominance between seeds {#Sec5}
-----------------------------------------------------
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Mark and Benson \[[@CR1]\] also include in their paper an elegant and simple *partial order* named dominance between seeds: suppose that two spaced seeds $\documentclass[12pt]{minimal}
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In practice, from the initial set of all the possible seeds of given weight *w* and maximal span *s*, several seeds can be discarded using this dominance principle, reducing the initial set to a small subset of candidate seeds to optimality. But this *dominance principle* is a *partial order* between seeds: this signifies that some seeds *cannot* be compared.Table 1Polynomial coefficientsNumber $\documentclass[12pt]{minimal}
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Surprisingly, according to the experiments of \[[@CR1]\], very few single seeds are *overall dominant* in the class of seeds of same weight *w* and fixed or restricted span *s* (e.g. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s \le 2\times w$$\end{document}$) : this *dominance* criterion was thus used as a filter for the pre-selection of optimal seeds. In the section *"Experiments"* , we show that the dominance selection also scales reasonably well for selecting multiple seeds candidates.

Hit Integration and its associated polynomial form {#Sec6}
--------------------------------------------------
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An illustration of the full probability mass function for the *Hit Integration* compared with the *Bernoulli* and the *Heaviside* distributions (the latter is defined in the next section) is given in Fig. [3](#Fig3){ref-type="fig"} for alignments of length $\documentclass[12pt]{minimal}
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Even if the algorithm we propose to compute the Hit Integration (in the next paragraph) has the same *theoretical worst case* complexity, its advantages are twofold:We propose a dynamic programming algorithm that is *strictly equivalent* to the one previously proposed for the the Bernoulli model : in fact, both model-dependent algorithms can even pool their most *time-consuming* part. Moreover, the automaton used by the dynamic programming algorithm can be previously minimized: this reduction is *greatly appreciated* when multiple seeds are processed.We propose a parameter-free approach for the $\documentclass[12pt]{minimal}
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As a consequence, even if the *optimal* seeds selected from the Bernoulli and the Hit Integration models may have different shapes, all such *optimal* seeds are guaranteed to be *dominant* [4](#Fn4){ref-type="fn"} in the sense of \[[@CR1]\]. Note that the dominance of a seed can be computed independently of any parameter *p*, or here, any parameters $\documentclass[12pt]{minimal}
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As an illustration, Fig.  [4](#Fig4){ref-type="fig"} plots the Bernoulli (*left*) and the $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{\pi ,m}$$\end{document}$ coefficients and cannot be directly compared at first with this *partial order* dominance.Fig. 5Bernoulli and Dirac optimal seeds. The Bernoulli and Dirac optimal seeds, for single seeds of weight 11 and span $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell$$\end{document}$
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                \begin{document}$$\int _x^1$$\end{document}$ Hit Integration model, the spaced seed 111001011001010111 (reported by a symbol ![](13015_2017_92_Figac_HTML.gif){#d29e6061} in Fig.  [6](#Fig6){ref-type="fig"}, top line of first plot) is optimal[7](#Fn7){ref-type="fn"} on a wide range of *x* ($\documentclass[12pt]{minimal}
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Discrete models and lossless seeds {#Sec7}
==================================

In this section, we propose two additional models for selecting seeds. We will name them *Dirac* and *Heaviside*. These models can be seen as the *discrete* counterparts of the Bernoulli and the Hit Integration models, and are simply defined by:$\documentclass[12pt]{minimal}
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                \begin{document}$$\ell$$\end{document}$) of the previously defined Dirac model. The *Heaviside* full distribution has already been illustrated in Fig.  [3](#Fig3){ref-type="fig"}, together with the *Hit Integration* distribution with similar parameters.As long as we allow the possible loss of some of the *strictly equivalent* [8](#Fn8){ref-type="fn"} seeds in terms of sensitivity defined by the Dirac and Heaviside functions, the *dominance* criterion can be applied to filter out many candidate seeds.

In addition, the Dirac and Heaviside functions are based on *rational number* computations/comparisons: they are thus one or two orders of magnitude faster and lighter to compute and store, compared to the polynomial forms given by the continuous models of the previous section.
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Experiments {#Sec8}
===========
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The main idea during the evaluation, also used by \[[@CR1]\] but only for the single Bernoulli criterion and on a single spaced seed, is to split the computation in two distinct stages:Selecting the *set of dominant seeds* is the first stage: it provides a reduced set of candidate seeds. Note that the dominant selection can be applicable without prior knowledge of the sensitivity criterion being used, provided that this sensitivity criterion is established on *i.i.d sequence* alignments (this last requirement is true for the *Bernoulli*, the *Hit Integration*, the *Dirac*, and the *Heaviside* models).Comparing each of the seeds from the *set of dominant seeds* with a sensitivity criterion is the second stage: it usually depends on *at least* one parameter (for example, for the Bernoulli model: the probability *p* to generate a match) which has different consequences on continuous and discrete models:For the *Bernoulli* and the *Hit Integration* continuous models, this implies comparing *p*-parametrized or $\documentclass[12pt]{minimal}
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So far, we restricted the span of our designed seeds to $\documentclass[12pt]{minimal}
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                \begin{document}$$2 \times w$$\end{document}$, and also did not consider one single fixed probability *p* during the optimization process. These restrictive conditions could be of course alleviated, but we mention here that computed sensitivities are close to (even if not strictly speaking "better than") the top ones mentioned in several publications \[[@CR56], [@CR77], [@CR78], [@CR80]\] where the emphasis was on the heuristic being used for designing seed, the speed of the optimization algorithm, and the best seed for a fixed probability *p*. Table [3](#Tab3){ref-type="table"} has been extracted from the Table [1](#Tab1){ref-type="table"} of recently published paper \[[@CR80]\] and summarizes known optimal sensitivities.Table 3Sensitivity comparison of different programs*wp*SpEEDAcoSeedFastHCMuteHCRasbhariCurrent sensitivity ($\documentclass[12pt]{minimal}
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Note that we did not use any *Overlap Complexity*/*Covariance* heuristic optimisation here (to stay in a generic framework), and simply apply the very simple hill-climbing algorithm of Iedera. We also mention that our seeds are not definitely the best ones, but since they are published, their sensitivity can be checked using other software, as mandala \[[@CR63]\], SpEED \[[@CR56]\], or rasbhari \[[@CR80]\] (\[[@CR43], [@CR57]\] did the same with the seeds obtained with the SpEED software).

Finally, to show a typical output of this generalized parameter-free approach, optimal single ($\documentclass[12pt]{minimal}
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                \begin{document}$$w=11$$\end{document}$ have been plotted according to the main parameter of each model (horizontal axis) and the length $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell$$\end{document}$ of the alignment (vertical axis) in Figs.  [5](#Fig5){ref-type="fig"} and [6](#Fig6){ref-type="fig"}. On discrete models, a pink mark represents the lossless border: seeds on the right of this border are by essence **lossless** for the set of parameters. On the right margin of the discrete models, we indicate the fraction of the minimum number of matches *m* over the alignment length $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell$$\end{document}$ to be *lossless*.

We provide the scripts and the whole set of single and multiple seeds, in [http://bioinfo.cristal.univ-lille.fr/yass/iedera_dominance](http://bioinfo.cristal.univ-lille.fr/yass/iedera%5fdominance) in the hope this will be useful to alignment software and spaced seeds alignment-free metagenomic classifiers.

Discussion {#Sec9}
==========

In this paper, we have presented a generalization of the usage of dominant seeds, first on the Hit integration model with a parameter-free approach, and also on two new discrete models (named Dirac and Heaviside) that are related to lossless seeds. In this parameter-free context, we show that all these models can be computed with help of a method for counting alignments of particular classes, themselves represented by regular languages, and a counting semi-ring to perform an efficient set size computation.

We open the discussion with the complementary asymptotic problem, before going to finite but multivariate model extensions.

Complementary asymptotic problem {#Sec10}
--------------------------------
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Models and multivariate analysis {#Sec11}
--------------------------------

As far as *i.i.d sequences* are considered, the full framework of \[[@CR1]\], including the dominant seed selection, can be applied on *any extended spaced seed model* (such as transition constrained seeds, vector seeds, indel seeds,\...). However, additional free-parameters (such as the transition/transversion rate, the indel/mismatch rate, \...) lead to an increase in the number of alignment classes (for example, alignments of length $\documentclass[12pt]{minimal}
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In a more general way, if *i.i.d sequences* are ignored, and dominant seed selection thus abandoned in its original form, one could mix several numerically-fixed models: for example, mixing a given HMM representing coding sequences, with a numerically-fixed Bernoulli model. The idea is here to use a *free probability parameter* to create a balance between the two models: either initially before generating the alignment, to choose each of the two models; or along the alignment generation process, to switch between each of the two models. Seeds designed could thus be *two-handed* for analyzing both coding and non-coding genomic sequences at the same time, but with an additional control parameter that helps to change the known percentage of such genomic sequences. To compute the sensitivity in this model, a simple idea is to apply a polynomial semi-ring (with at least one parameter-free variable: here the one used to create the balance) on the automaton, and perform, not a numeric, but a symbolic computation.

Finally, as a logical consequence of the two previous remarks, we mention that any HMM with one (or possibly several) free probability parameter(s) could always be analysed with a (multivariate) polynomial semi-ring, increasing thus the scope of the method to applications that depend on Finite State Machines : such parameter-free pre-processing can, at some point, be applied; moreover if several equivalence classes are established in term of probability, it may be possible to use equivalent dominance method to filter out candidates when comparing several elements.

We mention an interesting analysis in \[[@CR92]\].

The opposite *is equivalent* to say that *at least one* string of length $\documentclass[12pt]{minimal}
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Technical details at [http://bioinfo.cristal.univ-lille.fr/yass/iedera_coverage/index_additional.html](http://bioinfo.cristal.univ-lille.fr/yass/iedera%5fcoverage/index%5fadditional.html).

This side result is not discussed in \[[@CR2]\], probably because they were more interested by the seed rank and not necessary the "optimal seed", which they sometime called "dominant".

As already observed by \[[@CR63]\].

As already mentioned by \[[@CR1]\].

As already mentioned by \[[@CR2]\], but for the non-parametrized $\documentclass[12pt]{minimal}
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To give a quick and intuitive example, we consider an extreme case : an alignment of fixed length $\documentclass[12pt]{minimal}
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                \begin{document}$$Heaviside_\pi (m_a=\ell ,m_b=\ell ,\ell )$$\end{document}$ reach their maximal sensitivity of 1. For a given weight *w*, the restriction of all these seeds to dominant seeds implies that many are lost when dominance selection is applied to keep the best representatives.

At least to the author, but this parametrized problem is intrinsically interesting in itself.

This restricted set of seeds condition is necessary: if removed, best seeds span will increase along $\documentclass[12pt]{minimal}
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